MAXIMAL INEQUALITIES AND RIESZ TRANSFORM ESTIMATES 
ON LP SPACES FOR MAGNETIC SCHRODINGER OPERATORS II 

BESMA BEN ALI 

Abstract. The paper concerns the magnetic Schrodinger operator i/(a, V) = 
— + Voyi M". We prove some estimates on the Riesz trans- 
forms of H and we estabhsh some related maximal inequalities. The conditions that 
we arrive at, are essentially based on the control of the magnetic field by the electric 
potential. 
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1. Introduction 
Consider the Schrodinger operator with magnetic field 

(1.1) i/(a, V^) = - a^f + V^in M", n> 2, 

j=i J 

where a = (ai, a2, ■ ■ ■ , a^) : is the magnetic potential and : M" ^ M is 

the electric potential. Let 

(1.2) B{x) = curl Si{x) = {bjk{x))i<j^k<n 
be the magnetic field generated by a, where 

(13) hk = — - — 

^ dxk dxj ' 
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We will assume that a G Ll^{W)'' and V G V >0. Let 



1 d 



(1.4) L,- = -— a,- for 1 < j < "n., 

Z OXn 



Set L = (Li, . . . , Ln) and = ( Yl]=i 

Note that L* = Lj for all 1 < j < ri,. Let 

We define the form Q by 

(1.5) Q(M,'y) = ^^ / LkU.Lkvdx + / yu.wtia;, 

with domain P(Q) = V x V where 

V = {u e L^,LkU G for /c = 1, . . . ,n and Wu G L^}. 
Let V be the closure of C^M" under the semi-norm 

ll/llv= (11^/11^ + 

We denote H{a, V) = H, the self-adjoint operator on L^(M") associated to this sym- 
metric and closed form. 

The domain of H is given by: 

V{H) = {u eV{Q),3v E so that Q(m, 0) = / vcjxix, V0 G V{Q)}. 

The operators LjH(sL, V)~^^'^ are called the Riesz transforms associated with if (a, V). 
We know that 

n 

(1.6) W^Mll + Il^'/'«ll2 = ll^(a, Vy/'u\\l \/u G P(Q) = P(i/(a, r)^/^). 

Hence, the operators LjH(a, V)"^^"^ are bounded on L^(M"), for all j = 1, . . . , n. 

The aim of this paper is to establish the boundedness of the operators LjH{a, V)~^l'^ 
and 1^5iy(a, V)-\. 

In the case where the magnetic potential is absent, that is, i/(a, V') = —A + V 
and LH{si,V)-2 = V(-A + V)- '2, many important studies have been established. 
We mention the works of Helffer-Nourrigat |HNWj . Guibourg |Gui2j and Zhong [Z], 
in which they considered the case of polynomial potentials. A generalization of their 
results was given by Shen |Shlj . he proved the boundedness of Riesz transforms 
of Schrodinger operators with electric potential contained in certain reverse Holder 
classes. Auscher and I improved this result in [ABj . using a different approach based 
on local estimates. Note that this approach can be extended to more general spaces 
for instance some Riemannian manifolds and Lie groups ( see |BB] ). 

In the presence of the magnetic field, we know that these operators are of weak type 
(1.1) and hence, by interpolation, are bounded for all 1 < p < 2. This result was 
proved by Sikora using the finite speed propagation property |Sik] . Independantly, 
Duong, Ouhabaz and Yan |DOYj have proved the same result using another method. 
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The main purpose of this work is to find sufficient conditions on the electric potential 
and the magnetic field, for which the Riesz transforms of H{a, V) are bounded for 
the range p > 2. Note that, because of the gauge invariance of the operator H{a., V) 
and the nature of the estimates, any such quantitative condition should be imposed 
on the magnetic field B , not directly on a. 

In a previous paper [Be], many important results about this problem were estab- 
lished. Under certain conditions used by Shen in [Sh4] and given in terms of the 
reverse Holder inequality on the magnetic field and the electric potential, we proved 
that the Riesz transforms of the pure magnetic Schrodinger operator i?(a, 0) are 
bounded for all p > 2. We have also extended the results of [ABj about —A + V to 
the magnetic operator H{a, V). 

The second aim of this article is to establish important maximal inequalities related 
to the behaviour of LjLkH(sL,V)~^, V^^^LH(a,V)~^ and other operators called 
the second order Riesz transforms. Estimates on these operators are of great interest 
in the study of spectral theory of H{a,V). There are rather few works around the 
behaviour of these operators. We cite Guibourg who considered the polynomial case 
and established an estimate [Guilj . Shen [Sh4j . generalised |Guilj and proved under 
reverse Holder conditions, the boundedness of LjE^H^a, V)~^. Independantly and 
under the same conditions, we have proved and generalised the results of Shen in |Bej . 
Note that in |Sh4] and [Bej . the contribution of the magnetic field was controlled by 
introducing an auxiliary function m(.,a') defined by Shen |Shl] for RH^ class, he 
generalizes an early version of a useful auxiliary function for polynomial potentials. 
In this paper we will use another approach, the contribution of the magnetic field will 
be controlled by the electric potential and the magnetic Schrodinger operater will be 
treated us a perturbation of the Laplace operator —A. 

Here, our assumptions on potentials will be given in terms of reverse Holder in- 
equality. Let us recall the definition of these weight classes: 

Definition 1.1. Let uj G L^^^(M"), u > Q almost everywhere, u G RHq, 1 < q < oo, 
the class of the reverse Holder weights with exponent q, if there exists a constant C 
such that for any cube Q o/M", 

1/9 



1.7) {^4 uj\x)dx^ ' <C(^4 Lu{x)dx^ 



If q = oo, then the left hand side is the essential supremum on Q. The smallest C is 
called the RHg constant of u. 

A note about notations: Throughout this paper we will use the following notation 
^qUJ = JgUj. C and c denote constants. As usual, XQ is the cube co-centered with 
Q with sidelength A times that of Q. 

We now state our main result: 

Theorem 1.2. Suppose a G Lf^^lMJ^)^ and V G RHg, I < q < +oo. Also assume 
that there exists a constant C > such that for any cube Q in M".- 



r snpQ\B\<C{-QV, 

\ snpQ\VB\<C{f^Vr/\ 
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where \B\ = ^, \bjk\ and V = (gf^, • • • , gf-) ■ Then, there exists an e > such that 
for any 1 < p < q* + e, there exists a constant Cp > 0, depending on V such that 

1 



;i.9) \\LH{a,V)"{f)l<Cp 



pi 



for any f e C^{W') ifp>l, 
and 

|{xeM"; \Lfix)\>a}\<^\\H{a,V)-^fl, 

a 

for any a > and f E C^(]R") if p = 1. 

Remark 1.3. (1) Note that condition (11.81) implies the following inequalities: 

almost everywhere in M". These hypotheses are not sufficient to obtain (II. 9p . 
(2) Condition (II. 8p includes the polynomial case. 

An important step to prove the previous result is to establish the following reverse 
estimates that hold an importance of their own : 

Theorem 1.4. Suppose a G L^q^(]R")", V G Aoo- Also assume that there exists a 
constant C > such that for any cube Q in : 



(1.11) sup|5| <C 4 V. 

Q Jq 

Then, for any 1 < p < oo, there exists Cp > 0, which depends on (II. lip and V, such 
that 



;i-12) \\Hia, V)Hf)\\p < Cp{\\Lf\\p + II W flip), 



for anyfeC^iR^), ifp>l, 
and 



(1.13) KxeM"; \H{a,V)"y{x)\>a}\<^ [ 

a J 

for any a > and f G C^(]R"), if p = 1. 



\Lf\ + V-^\f\, 



Along with the study of Riesz transforms, we will also establish some maximal 
inequalities: 

Theorem 1.5. Suppose a G Lf„^(R")", V G Aoc(K") and V G RHq, 1 < g < +oo. 
Also assume that there exists a constant C > such that for any cube Q C M" 



^114^ (snp^\B\<Ci^V 



3/2 



Then, there exists an e > depending on V, such that for every s = 1, . . . .,n and 
k = 1, . . . ,n, and for any Ip < q + e, there exists a constant Cp > such that for any 
f G Co°°(M"), 

(1.15) ||L,L,(/)||,<C,||i/(a,V-)/||,. 
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The proof of this theorem will use Theorem ll.2l and ll.4[ We also need to study the U' 
boundedness of different second order Riesz Transforms us VHis., y)~^i H{a., 0)H{a, V)~^ 
(studied in section 5) and especially the behaviour of operator LH{a,V)~^ de- 
scribed in the following theorem: 

Theorem 1.6. Suppose a e Lf^^{M.'^)"' and V G RHn/2- Also assume that there exists 
a constant C > such that for any cube Q in M"; 



^116^ (snp^\B\<Cj-^V, 
' ' I snpQ\VB\<C{f-QVY' 

Then the operator LH (a, V)~^ is bounded for 



1 < p < 2{q + e), if g > n 



I < f) < if o < n 



where e depends only on V . 



Note that this result was proved by Shen when the magnetic potential is absent 
(see Theorem 4.13, |Shlj that can be recovered by [ABj methods under the same hy- 
potheses and for n > 1 instead of n > 3). 

We mention without proof that our results admit local versions, replacing V G RHq 
by y G RHq^ioc which is defined by the same conditions on cubes with sides less than 
1. Then we get the corresponding results and estimates for H + 1 instead of H . The 
results on operator domains are valid under local assumptions. 

The arguments are based on local estimates. We briefly sketch the main tools : 

1) An improved Fefferman-Phong inequality for potentials. 

2) Criteria for proving W boundedness of operators in absence of kernels. 

3) Mean value inequalities for nonnegative subharmonic functions against A^ weights. 

4) Complex interpolation, together with boundedness of imaginary powers of 
if (a, 1/) for 1 < p < oo. 

5) A Calderon-Zygmund decomposition adapted to level sets of the maximal func- 
tion of \Lf\ + 1^1/^1- 

6) A gauge transform adapted to the reverse Holder conditions on the potentials. 

7) Reverse Holder inequalities involving Lm, \B\^/'^u and V^^'^u for weak solutions 
of iJ(a, V)u = 0. 

The paper is organized as follows. In Section 2 we give the principal tools to prove 
the theorems mentioned above. We state an improved Fefferman-Phong inequality 
and we establish an adapted gauge transform. Section 3 is devoted to establish some 
reverse estimates via a Calderon-Zygmund decomposition. In section 4 we give differ- 
ent estimates for the weak solution of H{a, V)u = 0. We state some useful maximal 
inequalities in section 5. Section 6 is concerned with the proof of Theorem 11.21 Fi- 
nally, in section 7, we study the operator V^LH'^ and give the proof of Theorem 

2. Preliminaries 



We begin by recalling some properties of the reverse Holder classes. 
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Proposition 2.1. (Proposition 11.1 [AB]) Let u be a nonnegative measurable func- 
tion. Then the following are equivalent: 

(1) u G Aoo- 

(2) For all s e{0,l), e 

(3) There exists s G (0, 1), u'^ G Bi/g. 

Remark 2.2. It is well known that if OJ E RHg and q < +oo, then uj G RHp for all 
1 < p < q and there exists an e > such that u G RHq^^. 

We also know that uj G if and only if there exists q > 1 such that uj G RHg. 
Here A^o is the Muckenhoupt weight class, defined as the union of all Ap, 1 < p < oo. 
If UJ E Aao then uj{x)dx is a doubling measure (see ^^,chap V for more details). 

The first step of tliis work is to use tlie properties of tlie A^o weiglits to establish 
some reverse Holder inequalities with the weak solutions. Then, we apply the following 
criterion for boundedness |AM1] ( A slightly weaker version appears in Shen |Sh2] ). 

Theorem 2.3. Let 1 < po < 9o < oo. Suppose that T is a bounded sublinear operator 
on L^"(M"). Assume that there exist constants a2> c^i> 1, C > Q such that 

(2.1) (/ |T/r°)^ <c((-/" |T/r)^ + (^|/|)(x) 

for all cube Q, x E Q and all f G L^„p(M") with support in M" \ a2Q, where S is 
a positive operator. Let pq < p < q^. If S is bounded on Lp{W), then, there is a 
constant C such that 

\\Tfh<C\\f\\p 

for allfeL^^^p{W^). 

Fix an open set VL and / G L^„p(M"'), the space of compactly supported bounded 
functions on M". By a weak solution of 

(2.2) H{ai,V)u = f ixiVt, 
we mean u G W{VL)., with 

Win) = {ue Ll^in) ; V^^\andLkU G Ll^{n)yk = 1, . . . ,n} 

and the equation (12. 2p holds in the sense of distribution on Q. We note that if 
u G W{Q), then by Poincare and the diamagnetic inequalities, u G Lf^^{Q). 

The weak solution satisfies some important inequalities which will be useful to prove 
our results: 

Lemma 2.4. Caccioppoli type inequality 

Let u a weak solution of H{a,V)u = f in 2Q, where Q is a cube o/ and f G 
L-„p(M"). Then 

(2.3) [ \Lu\^ + V\u\^ <C{ [ \f\\u\ + ^ [ 



2Q R^ J2Q 



We also give some important tools: 



Proposition 2.5. Diamagnetic inequality \LL\ 

For all u G W^^'^{W), with 

W^'\W) = {ue L\W), LkU G L2(M"), A; = 1 ■ ■ ■ , n}. 
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we have 

(2.4) |V(|^|)| < \L{u)\. 
Proposition 2.6. Kato-Simon inequality: 

(2.5) |(if(a, V) + A)-Vl < (-A + Xy'lfl; V/ G L\W^), VA > 0. 
We also have the following domination inequality |Si4j : 

(2.6) |e~*^("'^Vl < e"^*!/!; Vt > 0, / G ^^(M"). 

Feffer man-Phong inequalities 

The usual Fefferman-Phong inequalities are of the form: 

(2.7) [ \u\Pmm{-[ u,^} <C{ [ \Lu\p + uj\u\p}. 
Jq Jq Jq 

In |AB] we established an improved version for these inequalities in absence of the 
magnetic potential. We can extend this improvement to the magnetic Schrodinger 
operators: 

Lemma 2.7. An improved Fefferman-Phong inequality : 

Let uj G and 1 < p < oo. Then there are constants C > and /5 G (0, 1) depending 
only on p, n and the A^ constant of w such that for all cubes Q {with sidelength R) 
and u G CHM"), one has 



UJ] 



(2.8) \Luy> + uj\uy>> ^^^/^ ' \u\^ 

where mp{x) = x for x < 1 and mp{x) = x^ for x > 1. 

The proof is the same as that of Lemma 2.1 in [ABj . combined with the diamagnetic 
inequality. 

Iwatsuka Gauge transform 

Lemma 2.8. Let a G Lf„,(M")" and Q a cube ofW\ Suppose B G ^^(M", M„(M)). 
Then there exist h G C^{Q,W^) and a real function cf) G C'^{Q), such that curlh= B 
in Q and 

(2.9) /i=a-V0, inQ, 
with 

(2.10) sup|/i| < Ci? sup|fi|, 

Q Q 

and 

(2.11) sup|V/i| < C(sup|fi| + i? sup|V5|). 

Q Q Q 

See the proof of Lemma 2.4 in |Sh5] which uses the construction of Iwatsuka [I]. 

Lemma 2.9. Let Q a cube in M". Suppose B G L°° (Q , Mn(K)) . Then there exist 
h G L°°{Q, M") and a real function (p G W^'°°{Q), such curlh = B and 

(2.12) /i=a-V0 a.emQ, 
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and 

(2.13) sup|/i| < Ci?, sup|5|, 

Q Q 

and 

(2.14) sup|V/i| < C(sup|5| +i? sup|V5|). 

Q Q Q 

Proof. Let (am)m>o be the sequence of functions obtained by convolution with a 
and converge in Lf^^ to a. Set (-Bm)m>o, (0m)m>o and {hm)m>o as the corresponding 
sequences of the Lemma [2^ Note that {hm)m>o converges in L"-{Q, R"). Let h be this 
hmit, it satisfies (12.121) . Note also that (-Bm)m>o converges to B in L^^^ {Q , Mn(M.)) 
and curlh = B holds almost everywhere in Q, where curl is defined in the sens of 
distribution. 

We know that for all m > 0, 

(/ |h„,r)i/"<ci2(/ |5^|t)i, 
Jq Jq 

uniformly in m. Then applying the limit, we obtain 

(/ |h|")^/" < cR{4 |5|t)i. 

JQ JQ 

Hence inequality fl2.13p follows easily. By a similar argument, inequality f l2.14p holds. 

□ 



3. Reverse estimates 

The present section talks about certain tools that are handy in the proof of Theorem 
II. 4[ Note that this theorem can be obtained as a consequence of Theorem 1.6 in [Be] if 
we also assume that \B\ is in RHn/2- However, condition (11.111) is sufficient to obtain 
estimate (I1.12p . 

By duality, the W boundedness of Riesz transforms for 1 < p < 2 (proved by [Sikj 
and [DOYj ) implies the estimate fll.l2p for any p > 2. For p < 2, we follow step by 
step the proof of the Theorem 1.2 of |ABj once the appropriate Calderon-Zygmund 
decomposition 13.11 is established. We also use the fact that the time derivatives of the 
kernel of semigroup e~*^ satisfy Gaussian estimates (see [CD], [Daj . [G] and [Ou] or, 
theorem 6.17). 

Let us introduce the main technical lemma of this work, which in itself is an inter- 
esting result: 



Lemma 3.1. Let 1 < p < 2 and a > 0. Under the assumptions of Theorem I.4 
have: for any function f G C^(M") such that 

ll^/llp+r^/llp<oo. 

Then, one can find a collection of cubes (Qk) and functions g and bk such that 

(3.1) f = 9 + Y.h 

k 

and the following properties hold: 

(3.2) ||L^||2 + \\vhh < Ca'-H\\Lfl + ||H/||p)^/^ 



we 
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(3.3) / iLbkl" + < CaP\Qk\ 

(3.4) $^|g.|<c«-^(/ + 

k 

(3.5) Y.^Q,<N, 

k 

where N depends only on the dimension and C on the dimension, p and the RHn/2 
constant of \B\. Here, Rk denotes the sidelength of Qk and gradients are taken in the 
sense of distributions in M". 

Remark 3.2. We establish an improved version of estimate (13. 2p ." 

(3.6) \\Lg\\^ < Ca. 

Proof Let n be the open set {x E M"; M(|L/|p + \V^f\P){x) > a^}, where M is the 
uncentered maximal operator over the cubes of M". If Q is empty, then set g = f and 
bi = 0. Otherwise, our argument is subdivided into six steps. 

a) Construction of the cubes: 

The maximal theorem gives us 

Set F = R" \ Q. Using the Lebesgue derivation Theorem, we have 

(3.7) \Lf\P +\V^f\P <aP, a.einF. 

Let {Qk) be a Whitney decomposition of Q by dyadic cubes so to say ^2 is the disjoint 
union of the QkS, the cubes 2Qi are contained in Q and have the bounded overlap 
property, but the cubes AQk intersect Hence 

v-,.^ , „ /■ ,..1 „,p 



^\2Qk\<C\n\<Ca-P \Lff+\V-^f\ 
k -^^^ 

Thus, (13.41) and (13. 5p are satisfied by 2Qk- 
b) Construction of b^: 

Let (xk) be a partition of unity on Q associated to the covering (Qk) so that for 
each k, Xk is a function supported in 2Qk with 

(3.8) II Xfc II oo + II Vxfc II oo < c(n), 

where Rk is the sidelength of Qk and J2Xk = ^ on Q. We say that a cube Q is of type 
1 if X y > 1, and is of type 2 if R^ f V > 1. 



^In fact, the factor 2 should be some c = c{7i) > 1 cxphcitely given in [[St], Chapter 6]. We use 
this convention to avoid too many irrelevant constants. 
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We apply the gauge transformation on the cubes 2Qk such that Qk is of type 2, 
hence there exist G L"(2Qfc,M") and a real function (p^ G H^{2Qk) such that 

(3.9) hfc = a - V0 in 2Qk, 
and 

(3.10) sup \h\<CRk sup \B\<CRk-f V. 

"iQk 2Qk J20U 



We denote 



Let 



J2Qk 



^ ^ ^ ' 1 (/-e-^'=m2Q,(e*'^^/))xfc, if2Qfcisoftype2. 

c) Proof of the estimate ( 13. 3^ : 

Suppose 2(5 A; is of type 1, (2/2^)^ ^^^^^ V > 1. Then 

(2i?fc)-p < ( / vy'^ <C-l vp'\ 

here we used V^^"^ E RH2/P since p < 2. 
Now we will control L : 

Lbk = L{fxk) = {Lf)xk + -fVxk, 

z 

then 

^P|U/ IIP 



Xk\L / I/I 



2Qfe 



/ W + R-J\b,\^<c\\x4lo [ \Lir+ WVxkWlo [ ur + R 

J2Qk J2Qk J2Qk 

<c{f \Lf\p+R-^ [ \fn<c{[ |L/r+|H/n<c«^ig,i, 

here we used the version of the Fefferman-Phong inequality (12. 7p and the intersec- 
tion of 4Qk with F. Hence estimation (13. 3p holds for the cubes of type 1. 

If Qk is of type 2, Rl -f^^ V < 1. V{x)dx is a doubhng measure, then there exists 
C > 0, such that Rj -L \B\ < C. 

h = U - e-'^'rn^Q.^e'^' f))Xk. 

Let us estimate Lb^- By the Gauge invariance, all we require is the estimation of 

L{e^'^''bk), where 

L = -V-hfc. 

We have 

He^'^'^bk) = XkCLfk) + -Uk - m,Qjk)Vxk - ( / fk) Xk hk, 
where fk = e^'^'^f. Thus, 

(-/" wY'''<c{{4 \Lfkry/^\\xk\\oo + {-[ \{fk-m2Qjk)ry^'\\vxk\\oo 

J2Qk J2Qfc J2Qfe 



L" ESTIMATES FOR MAGNETIC SCHRODINGER OPERATORS 11 



+(/ |h,r/ i/,r)'/nix.iioo}. 

J2Ql. J2Q1. 



'2Qk J2Qk 

using Poincare inequality and condition fl3.8p . we obtain 



J2Qfe J2Qk J2Q^ J2Qk J2Qk 

<c{{4 \Lh\^Y"+{-l i-v/,-h,/,r)^/^ 

J2Qk J2Qk ^ 



J2Qfe J2Qfe J2Qk 

<c{{4 \Lu\^Y'^+cRu4 v{4 i/^r)'/"} 

J2Qfc J2Qfc J2Qfc 

{(/ \Lhrf'+{4 v)^{4 \M^f'}. 



< c 

Fefferman-Phong inequality ^Mi and ( j-^^^ V)^ <C[ j-^^^ yvl'^'f'^ imply 

J2Qk J2Qk 

Using gauge invariance, it follows \L{f) \ = and we deduce 

Lh\'<C{4 \Lf\P+\V-^m<CaP. 

2Qk J2Qk 

Moreover, 

J2Qk J2Qk 

here we used the previous argument. Hence fl3.3p holds for 2Qk of type 2. 
d) Definition and properties of 1-81^(7: 

Set g = f — Yli^k- Note that, by (I3.5p . this sum is locally finite. It is clear that 
g = f on F and g = XlfceJ ^~*'^'°'^2Qfe(e*'^'''/)Xfc on Q, where J is the set of indices k 
such that Qk is of type 2. 

/ \V-^g\^= [ / = / + //. 

J J F Jq 

By construction, 

1= [ \vh\'= [ \v'^f\' <ca'-^{\\Lf\\,+ \\v'^f\\,Y. 

J F J F 

Using the L} version Fefferman-Phong inequality (12.71) we obtain 



11= [ \v'^.g\'<cJ2\Qk\[4 vU |/|p<c5^|g.| 



fcgj J2Qfc J2Qfc 
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Then 

(3.12) ( J \vhn'^<ca'-H\\Lf\\,+ \\v'^f\\,f\ 

e) Calculation of Lg: 

Let K the set of indices k. Let ^ G C|^(M'"), a test function. We know that, for 
all k E K such that x e 2Qk, there exists C > such that d{x, F) > C Rk- Therefore, 

The estimate (13.31) gives us 



j \bk\''<CRkPaP\Qk\. 



Hence 



J2 l^^m ^ sup (rf(x,F)|e(x)|). 

keK 

We conclude that 'YlikeK^k converges in the sense of distributions in M". Then 
Vg = V/ — Vftfc, in the sense of distributions inM". 



keK 



Since the sum is locally finite in Q and vanishes on F, then ag = a / — 'YlkeK^^k 
holds almost everywhere in M". Hence 

Lg = Lf Lbk, a.e in M". 

kGK 

f) Proof of estimate flX^ : 

To prove this inequality, we have to estimate ||^v5'||2- It suffices to prove that 1 1/^(71100 < 
Ca since ||L^||, < + \\V^f\\p)). We know that EkeK^^Xkix) = for all 

X E Q, then 

L(7 = (L/)l^ + EL(e-^^'=m2Q,(e*^'=/)Xfc) a.e. 
fceJ 



Lfw) = e-'^>'L(e"^'^u) avec L = - V - h^. 



Hence 

J2L{e-'^^m2Q,{e'^^f)Xk) = ^ e-*^'=m2Q,(e^^V)Vx. - e"^^'' m2Q,(e^^^/)xfch, 
fceJ fcgj fceJ 

= Gi + G2- 

Now we will control ||G'2||cx>; "we use (13.101) . the version of Fefferman-Phong inequal- 
ity ([22D, the fact that 2Qk is of type 2 and G /^i/a : 

\G,ix)\ = \Y,m2Q,{e''^'f)Xk{x)h,{x)\ <C Yl 4 Vlm^Q^e'^" f)\ 
keJ keJ,xe2Qk '^'^^'^ 
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<C 7 ^'7 \f\<CNa. 

Thus, 

(3.13) ||G2||oo<C«. 

Next, we estimate HGiHoo- Remember that Gi{x) = J2k£j ^'^'^''^^^''^'^Qki^^'^'' f)'^Xk{x) 
For all m G K, consider Km = £ K, 2Qi fl 2Qm 7^ 0}- By construction of Whitney 
cubes, there exists a constant c > (we can take c = 18) such that for any m E K, 
2Qi C cQm, for all / e K^- We denote Qm = cQm- Let 0^ and hm the functions 
given by then gauge transform of Lemma [2.91 on Qm- For a fixed x, we have 



Gr{x) = ^e-^<^'=(^)m2Q,(e^<^'=/)Vx.(.x) 



keJ 



J2(^-"^''^^^m,Q,{e't"'f) - e-^^'»(^)m2Q,(e^^'"/))Vx 



fceJ 



+ 5^ e-^^--^^) (m2Q, (e^^"7) - (e^^-/)) Vxfc(x) 

fcGJ 

+ J2e-'^-^'^mQje'^-f)Vxkix) 



k£j 

I + 11 + III. 



First, 



"'^'"^'^'^o„,(e^^'"/)Vxfc(x) 



111= Xm{x)e-''^-^^^mQje"^-f)Vxkix)- Xm{x)e 

keK,„ k&Km\J 

The first term in /// vanishes since Yliki^Km^ Xk{x) = '^kex^^kix) = 0, for all 
X e 2Qm- Since all cubes 2Qk with k G Km \ J are of type 1, we obtain 



Y Xm{x)e- 
keKm\J 



■i<t>m{x) 



mQje''^-f)Vxk{x] 



k£K^\J "^'3™ 



<CNR^^4 \f\<c4 \Lf\ + V\f\<Ca, 



here we used IQfcl ~ IQml, fl3.5p . the Fefferman-Phong inequality and 4(5m fl F 7^ 0. 
Hence ||///||oo < C'a- 
Secondly, 

|JJ| = I Yl e-^<^-(^)(m2Q,(e^^'"/) - m^Je'^- f))Vxk{x)\ 
keJ,xe2Qf: 

< Y \^2QAe''^'f)-mQje^^-f)\\\Vxk\\oo 
<C Y \m2Q,{e'^-f)-mQje^^-f)\R^\ 

k£j,x£2Qk 

since 



(3.14) 



|m2Q,(e^^-/) - mnje"^-f)\ < CRma, 
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then 

||//||oo < CNa. 
The proof of (13.141) is detailed in |Aus] . 
Finally, we will estimate J: 

„-i<t)k{x) 



= -1 ^gii<t>k{y)-<t>k(x)) _ ^i{4>m{y)-4>m{x))^ ^y-^ 

Using inequality 



we obtain 

I/I < 



J2 Rk' / \f{ymMy)-M^))-iMy)-Mx))\dy 



By construction, we have 

V(0fc - (j)ni) = - hfc 

. We also have, for all x and y G 2Qk 

{4>k-4>m}{y) - {<Pk-<Pm){x) < / \x - y\\{hm - hk) [x + t{y - x))\dt 

Jo 

<C\x-y\Ru4 V<CRlJ V<CRk{4 V^), 

J2Qk J2Qk J2Qk 

here we make use of fl3.10p . the fact that 2Qk is of type 2 and E RH2. 
Hence 



|/| < V J 4 I/I < CA^a a.e. 



It follows 

(3.15) IIGilloo < C'a. 

We have Lg = {Lf)lp + Gi + G2 almost everywhere. 

Since |L/| < Ca on F, then using estimates f lS.lSp and (13.131) . we obtain 

(3.16) IjL^IU < Ca. 
Hence 

||/^^7||2+ ||H^7||2 < Ca'-^\\Lf\\,+ \\V-^f\\,Y'\ 
then estimate (13. 2p holds. □ 

Remark 3.3. Note that we did not use the fact that V is the electrical potential of 
H : V can be replaced by any weight function uj in Aqo-' 

Suppose a G Lf^jW^)"^ and we assume the following condition for any cube Q in 



(3.17) sup|5| <C4 u. 

Q Jq 
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Then for any 1 < p < oo, there exists a constant Cp > 0, which depends on f l3.17p . 
such that 

(3.18) \\H{a,0)Hf)l < CjLfl + 
for all f G C~(M"), if p> 1, and 

(3.19) |{xeM"; |i/(a,0)^/(x)|>a}|<^ / \Lf\+uj^f\, 

a J 

for any a > and f e C^(]R"), if p = 1. 

4. Estimates for weak solution 

Fix an open set Q. A subharmonic function on is a function v G Ll^^{Q) such 
that Aw > in D'{n). 

Lemma 4.1. Suppose a E Lf^^{W^)'^ and <V E Lj^^(W^). If u is a weak solution 
of H{a, V)u = in Q, then |np is a subharmonic function and 

(4.1) A|Mp = 2|LM|2 + 2r|Mp. 

Proof. Since 

A|np = A{uu) = 2Re{{Au)u) + 2|VM|^ 
and H{a, V)u = 0, then 



n 



Au= y («afc- h — [cLkUj) + |a| -u + Km. 

axk oxk 
k=i ^ ^ 



It follows that 

n 

\ (in.i, I „ 

' dxk dxk 



/^(^'^fe^TT" + ''''^^^ku)) u + |a|^MM + Vmm ) + 2| Vm| 

k=l 



y^iiakTT-u + iT^(aku)u] + 2|anMp + 2V|mP + 2|VmP 
^ dxk dxk J 

2Re[ > (iOfcTT — M + — (afckir)-«afcM- — + 2 ar + 2V + 2 Vm 



fc=i 

|2|„.|2 



4Jm(aVMll) + 2|anM|^ + 2| Vup + 2|yMr = 2|LmP + 2V\u\\ 



□ 



Corollary 4.2. Let Q a cube in M" and u a weak solution of H{a,V)u = in a 
neighbourhood of2Q. For V > 0, we have the following inequality 

(4.2) snp\u\<C{r,n,ji){-[ \u\''Y^\ 

Q Jfj.Q 

for any < r < oo and 1 < fi < 2. 

The following technical lemma is interesting in its own right. For a detailed proof see 
|Buc] and |AB] . It states that a form of the mean value inequality for subharmonic 
functions still holds if the Lebesgue measure is replaced by a weighted measure of 
Muckenhoupt type. More precisely, 
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Lemma 4.3. Let uj G RHq for some 1 < g < oo and let < s < oo and r > q (if 
q = oo, r = oo) such that uj G RHj.. Then there exists a constant C > depending 
only on uj,r,p,s and n, such that for any cube Q and any nonnegative subharmonic 
function f in a neighbourhood of 2Q we have for alll < fi <2, 



(-/ iujfrr''<C 4 ujf\forr<+oo. 
And 

C f 

sup / < f ujf \ for r = +oo. 

Throughout this section we will assume V G RHq with I < q < +oo and B 
satisfies the assumption (11.81) and n is a weak solution of -ff(a, V)u = in AQ. 
We will establish some local estimates on |n| and \Lu\. Using the gauge transform on 
4Q, we can replace a and L by h and iV — h as defined previously in Lemma [2.91 

All the constants are independant of Q and u but they may depend on V and q. 

First we give three important results that are the main tools for the proof of The- 
orem [L2] 

Proposition 4.4. There exists a constant C > such that 

(4.3) {4 \v'M^'^Y' <C{4 

•Jq Jsq 

Proof. It is a consequence of Lemma 14.31 and Lemma 14. 1[ □ 
Proposition 4.5. For all k > 0, there exists a constant C such that 

Proposition 4.6. Let 1 < fi < 4, if n/2 < q < n then there exists a constant C such 
that 



(4.5) {4 <C{-1 

Jq JfiQ 

If q > n then there exists a constant C such that 



(4.6) sup|Ln|<C(-/ \Lu\^Y . 

Remark 4.7. Using Theorem 2 of [IN] . we can replace 2 by 6 g]0,2] in (14.51) and 

We need the following results to prove propositions 14.51 and 14.61 
Lemma 4.8. Let 1 < /i < /i' < 4 and k > 0, then there exists a constant C such that 

and 
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The proof is analogous to that of Lemma 8.1 in |ABj . it is based on Caccioppoh 
fl2.3l) type inequahty and the improved Fefferman-Phong inequahty (12.81) . 

Lemma 4.9. For any 1 < /i < 4 and k > 0, there exists a constant C such that 

Proof. Using Lemma 14.81 with k > 1 and 1 < /i' < /i and subsequently Lemma 14.31 we 
have: 

□ 

Lemma 4.10. For any l<fi<2,k>0 and n < p < oo, there exists a constant C 
such that 

Proof. If \Lu\^ = oo , there is nothing to prove. Assume, therefore, that \Lu\^ < 
oo. Let 1 < u < fi and 77 be a smooth non-negative function, bounded by 1, equal to 
1 on i/Q with support on fiQ and whose gradient is bounded hj C/R and Laplacian 
by C/R\ 

Integrating the equation H{a, 0)u + Vu = against urj'^. 
Since 

n 

H{a, V)u = J2 L*jLjU + Vu, 

H{a,V)uur]^ = J2 [ L,juT~{wf) + j V\ 
j=i J J 

\Lu\^7f + V\u\^rj^ = 2 j Lu-VrjUTj, 



|2 2 



then 



hence 



(4.7) X<C{R^4 Vf'''\iiQ\^'''Y^I''Z^/^ 

JQ 

where we set X = {R^ j-^V) j V, ^ = (ij^g \Lu\pf''' and Z = j^V J \u\^r]\ By 
Morrey's embedding theorem and diamagnetic inequality (12. 4p . u is Holder continuous 
with exponent a = 1 — n/p. Hence for all x, ?/ G fiQ, we have 

|Kx)| - \u{y)\\ < Ci^-^jpi £^ WM^Y^' < 
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We pick y E Q such that \u{y) \ = iniq \u\. Then 

Z = j V j |u|V <'^{j y) i^f l^py v'^ + '^ij- V) j \\u{x)\ - \u{y)\\^7]^{x)dx 

<2(£(y|nn) jr^' + C{jv)R'Y j {^^^^ v\x) dx 

<C{-1 {V\u\'))\Q\+cU V)R'Y\^^Q\ 
Jq Jq 

<C j V\u\^r]^ + Ci-I V)R^Y\fxQ\. 

where, in the penultimate inequahty, we used the support condition on 77 and < 77 < 
1, and in the last, 77 = 1 on Q- Using the previous inequalities, we obtain 

JQ 

which, as 2ab < e~^o? + elP' for all a, 6 > and e > 0, implies 

X <C{l + R^ -! Vf\liQ\Y. 
Jq 

Next, let \ <v' <v. Using 77 = 1 on vQ Lemma [4.31 and Lemma [4.81 

V\u\Y> [ V\u\^>cJ vf \u\^>C{-f V){l + R^-f V)' [ \u\\ 
JuQ Ju'Q Jv'Q Jq Jq Jq 

hence 

X > C(R-[ V?(l + ^ 



□ 



Jq 

The upper and lower bounds for X yield the lemma. 
Now we will give the proof of 14.51 and 14.61 





\u\ 


Jq j 


3 



Proof of Proposition \4 ■ 5\ - We will assume that q > . 



a) Preparation: 

We remind that modulo a gauge transformation, u is a weak solution of iJ(h, y)u = 
on 4(5, where h is the potential function defined in Lemma [2. 9 [ We call L = 4V — h. 

Let V a weak solution of Av = in 2Q with f = m on d{2Q) . Set w = u — v in 2Q. 
From elliptic theory we know that 

Viil 

J2Q ' ' J2Q ' 

thus. 



/ 


|Vu;p < / 


J2Q 


J2Q 


/ 


Vtf < 4-/ 


hQ 


J2Q 
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It suffices to establish the following inequality for 1 < /i < 2, 



(4.8) sup\Lv\<C{-l + 



1 

2 



and 



(4.9) {J iLwff"'' <<p{R'-f V){-f \Lu\^ + V\u\^)K 

where is a real function which increases polynomially. The conclusion follows easily 
through Lemma [4. 8[ 



b) Estimate of v: 

Since Vv is harmonic on 2Q then for 1 < /i < 2, 



sup|Vw|<C-/ \Wv\^<4:CJ \\/u\\ 

liQ J2Q J2Q 



Using the harmonicity of v and the fact that v = u on d(2Q), we obtain 

sup|f|^ < sup \v\ = sup \u\, 

2Q a(2Q) d{2Q) 

and (14 .2}) gives 

(4.10) sup\v\ <C{-f 

ffLSD . fl233|) . Lemma US] and the fact that ^ ~ i|Q ^' yi^^^ 

(4.11) sup\hv\<C[{R-f Vf 4 \u\^]^<C[-l V\u\^]^. 

2Q J2Q JlQ J^Q 

Hence, inequality (14.81) holds, 
c) Estimate of w: 

Using w = u — V, (14.101) and (14. 2p . we obtain 



(4.12) sup\w\<C(4 

2Q JlQ 

and 

(4.13) sup|hw| < V\u\^) 

2Q i|Q 



2Q JlQ 

It suffices to estimate Vw. We have 

|2 

'2Q J2Q J2Q J2Q 

by combining (14.111) and (I4.13p . it follows 



i \Vw\^<-l \Vu\^<A-f \Lu\ 
J2Q J2Q J2Q 



hu\ 



(4.14) 4 \Vw\'<C-l \Lu\' + V\u\\ 

'2Q 
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Now we will control ^ |Vu'|^*. Let 1 < /i < /i' < 2 and r/ be a smooth non- negative 
function, bounded by 1, equal to 1 on fiQ with support on fi'Q and whose gradient is 
bounded hj C/R and Laplacian by C/E?. We know that 

= Hih, V)iu) = -Au - -V.(hu) - -h.Vu + (IhP + V)u, on 4Q. 

Then 

Am = -l(V.h)n - -h.Vn + (IhP + V)u 

= --(V.h)M - 2h.Lu + (-IhP + V)u. 
Since Aw = Au on 2Q, then 

A{wri) = {Aw)ri + 2Vtf .Vr/ + u^A?] 

= --(V.h)n?7 - 2(h.Lu)r] + (-|h|^ + V)ur] + 2Vw.Vr] + ti/A?^. 

z 

Let Fo be the fundamental solution of A. We know that 

|vro(x)| <c|x|i-". 

Hence, for x G fi'Q, 

<C( / / (|Vh(,)| + |h(y)|>.(y)|,(y)^^ 

Using inequalities fl2.13p . (12.141) and fll.Sp . we obtain 
\Wwix)\<C{{4v) [ ^P^dy+{fv+Rdv)h{4vY) [ 

Jq f ~ ?/l Jq Jq Jq Jr'^ f ~ y\ 
F y\ J2Q R 

Poincare inequality and (14.141) imply 

/ \Vw\ + hw\<C{J \Vw\'')^ <C{-f + 

J2Q R J2Q J^Q 

Now we have to estimate III. We use the Hardy-Littlewood-Sobolev theorem, the 
fact that V G RHq, estimate (14.21) and Lemma l49l 

(-/ IIF*)^ <CR{-1 \Vu\'')~^ <CR-f sup \u\ 

Jfj.'Q Jfj.Q J2Q 2Q 

<C(4 \Lu\^ + V\u\^Y. 

Since 

f Hy)\viy), ^ 11/" dy 

/ I nr^dy< sup u —-<CRsupu 
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Then, (14 ■2p and Lemma [4.91 imply : 

sup|//| < C(l + {R-f V)^ +R-f V)R-f Vsnp\u\ 

<C{1 + R~f V){-f \Lu\^ + V\u\^y. 
Jq J^q 

Finally, we apply Hardy-Littlewood-Sobolev theorem and we obtain 

(/ F'^)^ <CR^ -f V{-[ 
Ju'Q Jq JuQ 



I ii'Q J Q J fiQ 

Hence 

(/ iVwl'^y <C{l + R^-[ V){J \Lu\' + V\u\')-'+CR'-f V{J \Lu\'')' . 
Jfi'Q Jq J^q Jq JfiQ 

Since Lw = Lu — Lv, we combine the above inequality with (14 .Sp : 

(/ \Lw\'^')^ <C{l + R^-l V){-1 \Lu\^ + V\u\^y^ +C{R^-l V){4 \Lw\'^)-^ . 
J/i'Q Jq J^q Jq JfiQ 

By iterating the previous inequahty and using (14.141) we finish the proof of (I4.9I) .D 

Proof of Proposition \4 . b\ The proof is the same as that of Proposition 14.5^ we use 
Lemma 14.91 instead of Lemma I4.10[ 

Let us quote two additional results which ensue at once from what precedes but 
which we shall not use. 

Corollary 4.11. Let 1 < /i < 2 and k > 0. If q < n, then there exists a constant C 
such that 

If q > n, then there exists a constant C such that 

C 

(4.17) sup|Lm| < (sup|m|). 

Q R{1 + v)" 

Proof. It remains to use Caccioppoli type inequality (12. 3p and Proposition 14. 6[ □ 

Corollary 4.12. Let q > n/2. For any 1 < fi < 2 and k > there exists a constant 
C such that 



{R 



Proof. The proof is a consequence of Lemma 14.111 and Proposition 14.61 □ 

5. Maximal inequalities 

We give some important maximal inequalities that we will use to prove our results 
around the Riesz transforms. These estimates are essentially a consequence of some 
LP estimates proved in |ABj and based on the L^ inequality deduced from the work 
of Gallouet and Morel |GMj in the semi-linear setting or from Kato's paper [K2j . 
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Theorem 5.1. Let a e Lf„^(]R")" and V E RHq, I < q < +00. Then, there 
exists e > 0, depending only on the RHg constant of V , such that V H{a,V)~^ and 
H{a, 0)H{a, V)~^ are U' hounded for all 1 < p < q + e. 

Corollary 5.2. Let a e Lf^^{WY' and V E RHg, 1 < q < +00. Then, there ex- 
ists an € > 0, depending only on the RHg constant of V , such that, the operators 
Vy^/^ and H{a, Oy/^ H{a, V)-^/^ are 1/ bounded for alll <p <2q + e. 

To prove this result, we shall use complex interpolation relying on the fact that for 
all y E'R, the imaginary power of Schrodinger operator H^^ has a bounded extension 
on M", 1 < p < 00. This result due to Hebisch [H] follows from the Gaussian estimates 
on the heat kernel e~*^ proved by |DRj . Here, H^^ is defined as a bounded operator 
on L^(]R") by functional calculus ( see [ABj for more details). 

Proof of Theorem \5.1[ 

The proof of this theorem is identical to that of Theorem 1.1 in |AB] . First we 
prove an inequality, then we establish some reverse Holder type estimates, then 
finally we apply Theorem 12.31 

Lemma 5.3. Let f E L^^^^iW) and u = H{a, V)~^f. Then, 

(5.1) / V\u\< [ I/I, 
and 

(5.2) / \H{a,0)u\<2 [ \f\. 
Proof. V > 0, by Kato-Simon inequality (12. Sp . we have 

\H{s.,vr'f\<H{o,vr'\f\. 

We know, by [SB] that 

/ VH{0,Vr'\f\< [ \f\. 

Thus, inequality (15.11) holds, and inequality (15. 2p follows by difference. □ 

Proof of the maximal inequality: 

Assume V E RHg with g > 1. VH{a, V)~^. We know that this operator is bounded 
on L^(M"), so we apply Theorem 12.31 through the reverse Holder inequality verified 
by any weak solution. Set Q a fixed cube and / E L°°(]R") a function with compact 
support in ]R"'\4(5. Then u = H{a, V)~^f is well defined in V and it is a weak solution 
of H{a,0)u + Vu = in AQ. 

Since |mP is subharmonic, by Lemma [4.31 with w = V , f = |Mp and s = 1/2, we 
obtain 

{-[ \Vu\^f' <C-f \Vu\. 
Jq J2Q 

Thus (EH) holds with T = VH{a, V)-\ pQ = 1, = q, S = 0, = 2 and as = 4. 
Hence VH{a., V)~^ is bounded on Lp{W^) for all 1 < p < g by Theorem 12. 3[ Due to 
the properties of RHg weights, we can replace g by g + e. Taking the difference, we 
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obtain the same result for H{a.,0)H{a.,V)~^. This completes the proof of Theorem 

6. Proof of Theorem 11.21 

Now we will focus on the proof of Theorem 11.21 we first need to establish some 
important inequalities. First of all we reduce the problem thanks to the following 
Lemma: 

Lemma 6.1. Under the assumptions of Theorem M.B. For any p > 2, the hound- 
edness of LH{a,V)~2 is equivalent to that of LH{a,V)~^L* and LH{a,V)~^V2 . 

Proof. If LH(sL,V)~^ is bounded, then by duality and using boundedness of 
Riesz transforms for 1 < p < 2 , we have H{a, V)~2L* is L"? bounded for any q > 2. 
Hence LH{a,V)~^L* is bounded. By the same argument, H{a,V)~2V2 is 
bounded, and hence LH{a, V)~^V2 is bounded. 

Reciprocally, if LH{a.,V)~^L* and LH{a,V)~^V2 are bounded, then their ad- 
joints LH{a, V)-^L* and V^H{a, V)-^L* are L^' bounded. 

Let F e Co^(M'^,C"), then 

Using assumption (11.81) and inequality f ll.l2p . we obtain 

\\H{a,V)-^rF\\p> < C{\\LH{a,V)-^L*F\\jy + \\V^^H{a,V)-^L*F\\p>) < C\\F\\p>. 
Thus LH{a, V)'^ is Lp bounded. □ 

Next we look at some useful related estimates 

Proposition 6.2. Let V G RHg, 1 < q < +oo. Then, for any 2 < p < 2{q + e), and 

e > depending only on V, f e C^{W, C) and F e Co°°(M", C''), 

\\V-^H{a, Vr'v'^fWp < CpWfWp, \\v'^H{a, Vr'L''F\\p < Cp\\F\\p. 
Proof. T effectuate the proof, we apply Theorem 12.31 and eventually use equation 

gSD- □ 

To prove Theorem 11.21 it suffices to prove the following Proposition: 

Proposition 6.3. Let V G RHg, 1 < q < +oo. Then, for any 2 < p < q* + e and 

e > depending only on V , f e C^(M", C) and F G C^(M", C"), 

\\LH{a,V)-'v'^f\\p < CpWfWp, \\LH{a,Vr'L^F\\p < Cp\\F\\p. 



Proof. Suppose q < n/2. Let Q a cube in and F G C^{W^) supported away from 
AQ. Set H = H{a, V), u = H~^L*F is well defined on M". In particular, the support 
condition on F, implies that m is a weak solution of Hu = in AQ. Hence, using 
Proposition 14. 5^ we have 

(6.1) ( -f \LH~^L*FfdxY^'* <C{-[ \LH'^L*F\^ + \V-^ H'^L^Fl^y. 

Jq Jsq 

Then (El]) holds with T = LR-^L*, go = q\ Po = 2and5 = M2{V^ R-^L''), where 

1 

M2/ = (M|/P)^ and M is the maximal Hardy-Littlewood operator. Since 5* is 
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bounded for any 1 < p < 2q, then, using Proposition 16.21 and the fact that q* < 2q, T 
is bounded on Lp(M", C"), for 2 < p < g*. 

Now, let n/2 < q < n. By the same method and using Proposition 14. 6[ we obtain 

(6.2) {-[ \LH-^L*FfdxY^'* <C{-[ \LH~^L*F\'^)K 

Jq Jsq 

Hence, inequahty (12.11) holds with T = LH~^L*, go = g*andj9o = 2. Thus, T is 
bounded on L^, 2 < p < q*. Finally, if g > n, then LH~^L* is bounded for 
2 < p < cx). 

Using the same argument with u = H~^V2f\ it follows that LH^^^V^ is bounded 
for 2 < p < g* + e. 

□ 

7. Second order Riesz transforms 

This section is devoted to the study of some operators using results previously 
established. We are interested in the behaviour of LjLf^H^SL, V)~^ and V2LH{a, V)~^. 
We also need some properties of the kernel of H{sl, V)~^. Note that, for V G Lj^^iW^), 
y > and a G Lf„^(M")", H{a,V)-^ is continuous from L^(M") to L[„^(M"). Hence 
there exists r{x,y) a Schwartz kernel associated to this operator . The following 
proposition gives some results about this kernel 

Proposition 7.1. F coincides with a measurable function defined on M" x in C, 
and 

(1) We have the following inequality 

(7.1) |F(x,y)| <C„|x-yp-" a.e. 

(2) For almost every y G M", u : x i — > F(x, y) is a weak solution ofH{a, V){u) = 
on M" \ {y}. 

Proof Let H = H{ai,V). Inequality O and = J^e'^^dt imply that F is 
dominated by the Green function of the Laplacien. Hence, inequality (17. ip follows. 
Now we will prove (2). Let / G C^(M"), using (1) we have the following integral 
representation 

H"\f)ix)= [ Tix,y)fiy)dy 

for almost every x. 

Fix a function p G C^(M'"), even, supported in [—1, 1]" with j p = 1. 
Set = 2"'^p{2^{z — y)) for any z G M" and j G N. Using Fubini theorem, we 
obtain 

H-\p'^*f)ix)= [ Tj{x,y)f{y)dy, a.e 

where 

Tjix,y) = [ T{x,z)2-^p{2^{z-y))dz = H'\p]){x). 

Using Lebesgue's dominated convergence theorem, we obtain: 

hm H-\p'^*f)=H-\f) a.e. 
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and 

lim r, = r a.e in L^^^. 

Since G Co~(M"), H-^p^.) e V and H{Tj{.,y)) = G V'{W). Hence Tj{.,y) is a 
weak solution of Hu = away from the support of pj, i.e M."- \ Q{y, 2^). Here Q{c, R) 
is the cube centred in c with sidelength R. By (17. ip and a similar argument to that 
used for the proof of Caccioppoli type inequahty, we obtain for R > 2~^~^^, 

[ \L,r,{x,y)\' + V{x)\r,{x,y)\'dx < ^ [ \rj{x,y)\' < CR'-^. 

JM"\Q(s/,2R) -K jQ{y,2R)\Q{y,R) 

Hence, for any y, L.j.Tj{.,y) and V^Tj{.,y) admit subsequences that weakly converge 
in Lj^^iM."- \ {y}). It is easy to prove that their limits are LxT{.,y) and V^T{.,y) in 
P'(R") for almost every y G M". We deduce that for almost every y G M", r(., y) is a 
weak solution of Hu = on \ {y} (by taking limits on the equation). 

□ 

Proposition 17. II and the following technical lemma are two important tools to prove 
the main results of this section. 

Lemma 7.2. LetV e RHn/2- Then 
uniformly on y G M". 

Proof. Shen proved in |Shl] . Lemma 1.2, that there exists an a > such that for any 
r, R with r < R and y G M", 

r'-f V<C{^YR^4 V. 

JQ(y,r) R JQ(y,R) 

Let j be the biggest integer such that 4P -f^^^ 2j ) ^ ^ have 

1 

□ 

Remark 7.3. This lemma does not hold for V{x) = G Uq^i^RHq. 

Now we will study the boundedness of (a, V)~^: 

Proposition 7.4. Suppose a G L^^^(M")" anc? V G RHn/2- Also assume that there 
exists a constant C > such that for any cube Q in M".- 

^ ' I snpQ\VB\<Cif^Vr/\ 

Then, V^LH{a,V)-^ is bounded. 
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Proof. It suffices to prove 



To simplify the proof we will take y = 0. Set r(.,0) the weak solution of Hu = 
on R'^ \ {0}. Let (Q,,^) be a Whitney decomposition of \ {0}: rf((5/,fc,0) ~ 2' the 
sidelength of Qi^k and k belongs the finite set of indices of cardinality 2" — 1. Hence, 
using the Cauchy-Schwarz inequality and (17. ip . 



V^x)\L^T{x,0)\dx = J2 [ V^{x)\L^T{x,0)\dx 

l,k •^'^l>k 

<Cj2\Qi,k\{-f V)''{J \L,T{x,0)\'dxy^ 

I k "J Ql.k -J Ql,k 



< 



I -J Ql,k J Ql,k J Ql,k 



Since V is in A^, then ig^ ^ ^ ~ ^{02') ^ uniformly on / and k. Hence by Lemma 
OasV E RHn/2- ' □ 

Proof of Theorem II. 6t Since T = V^LH{sl, V)~^ is bounded , then it suffices 
to apply Theorem 12.31 to the operator T with po = 1 and go = 3^?^ if g < n and 
go = 2g if g > n. 

Let Q a cube of M" and / G L'^^^iM"-) with support away from 4Q. We know 
that u = H{a, V)~^f is a weak solution of H{a., V)u = in the neighbourhood of AQ. 
There exists s < g* such that — = 77- + -. Then, 

( / {v'^lLuirf" <{-[ V'^)'{J \Lu\f^\ 
Jq Jq Jq 

Using the remark Wl\ and V"^ G RH2r ( we used Proposition 12.11) we obtain 



-f {V-2\Lu\ry^'" <C{-[ v"^){-f \Lu\') 
Jq Jq J2Q 



for any 6 > 0. 

Let 5 > such that g Ai/s, the Muckenhoupt class. We know that ([St] .chap 

V) 

(/ ^,ff'<c(^) I V^,\, for a„y measurable a„d„on-negative function , 

J2Q f^^V^ J2Q 

Hence 

[4 {V^Lu\Y"Y'''' <C -I {V^Lu\), 
Jq J2Q 

and ( 12. ip holds with S = 0. Thus T is bounded for any 1 < p < go. 

We finish the proof using the self-improvement of the reverse Holder classes. 

Now we will use the previous results to get the proof of Theorem 11.51 
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Proof of Theorem\r^ Set i7(a, V) = H and i/(a, 0) = Hq. 

For every j > 1, LjH~^ is bounded for any 1 < p < oo then LsH~^Lk is 
bounded for any 1 < p < oo. Since 

[L,,iJ] = [Lfc,if(a,0)] + [Lfc,\/]. 

Then 

L,H-'[Lk,V]H-' = {L,H-'L,){VH-') - {L,H-^v"^){v"^ LkR-^). 

Proposition l6.3l Theorem lS. H and Theorem 11.61 imply the boundedness of LsH~^[Lk, V]H~ 
for any 1 < p < q. 

We would now like to study the behaviour of LsH~^[Lk, V]H~^. We know that 

[Lk, Ho] = bkjLj — djbkj- 
j 

Here b^j are djbkj the operators of multiplication by bkj and djbkj- 

It follows through (^M) \B{x)\ < CV{x) and \VB{x)\ < CV^^\x), for almost every 
X e M". Hence, LsH-%jLjH-^ is bounded if LsH-^VLjR-^ is bounded. 
Moreover 

LsH-^LjH^^ = (L,if"V5) {v'^LjH"^), 

is W bounded for 1 < p < go, where go = ^n-2q if 5 < ^^^^ 2g if g > n. Here we 
have used Proposition 16.31 and Theorem 11.61 

LsH-^djbkjH^^ is LP bounded if LsR-^V^'^H"^ is bounded. We could also say 

which is bounded for 1 < p < g using Proposition 16.31 and Theorem 15. 1[ Hence, 
Ls[Lk, H~^] is LP bounded for 1 < p < g + e. □ 
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